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Statistical simulation of microcrack toughening in advanced ceramics
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Abstract

A statistical distribution of microcracks is simulated as a damage process zone developed around the vicinity of a macro-crack in a brittle
ceramic. Uniform distributions of microcrack location and orientation are assumed in a Monte Carlo process to represent isotropic damage.
An alternating iteration numerical technique is employed to evaluate the main-crack and the damage zone microcracks interactions, and
the behavior of the main-crack either in shielding or anti-shielding modes may then be assessed. With the assumption of dilute microcrack
concentration, however, one can neglect the microcrack–microcrack interaction, and the interacting stress intensity factor (SIF) at the main-
crack tip can then be superimposed for each microcrack. In this study, two general sources of loading are evaluated, one is for the main-crack
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icrocrack interaction under an applied remote load, and the other is for the main-crack microcrack interaction accompanied b
f residual stresses on the microcrack surfaces. Nevertheless, the results show that these two conditions together with the isotr
ssumption can always shield the main-crack tip, and therefore increase the ceramic toughness. In addition, it is found that microcr

he main-crack tip can make the most shielding whereas microcracks ahead of the main-crack tip play no role in shielding.
2004 Elsevier Ltd. All rights reserved.
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. Introduction

Experimental evidence shows that advanced ceramics can
ave high macroscopic fracture toughness many times greater

han the fracture energy for cleavage of their grains or for
eparating their grain boundaries. Thus several toughening
icro-mechanisms have been suggested to account for this
henomenon. Theses proposing toughening mechanisms are
oncerned with the heterogeneity in the micro-scale prop-
rties, such as at the grain level. One general considera-

ion is micro-obstacles in the crack growth path; such that
inning of the crack results in toughening owing to crack
owing, tilting, twisting and bridging,1–3 or more generally
rack deflection. In addition, phase transformation such as
he martensitic phase transformation in zirconia-toughened
lumina, can provide transformation dilatation to toughen

he ceramics.4 Another consideration in ceramic toughening
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mechanisms is the possibility of micro-crack formation in
fracture process zone5,6 that may shield the main-crack a
then toughen the ceramics. These microcracks can be c
as a combined effect of externally applied loads and lo
ized residual stresses, where residual stresses are gen
by thermal expansion anisotropy in single-phase ceram
elastic mismatch in multi-phase ceramics.

Microcrack toughening is mainly attributed to two pot
tial sources.4 One is the main-crack and microcrack inter
tion that causes stress redistribution ahead of the main-
tip and thus lowers the continuum stiffness of the mic
racked material. The other contribution is the stress r
tribution at the main-crack tip due to the release of re
ual stress when a microcrack is nucleated. In the litera
there are two different approaches to modeling the m
cracking damage, namely continuum damage and dis
damage. The first concept considers a damage zone
reduced effective moduli, and attention is focused on
derivation of the constitutive governing relation of this da
aged solid.7,8 However, the other approach adopts disc
955-2219/$ – see front matter © 2004 Elsevier Ltd. All rights reserved.
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Fig. 1. Schematic representation of main-crack and a micro-crack in the
circular damage zone.

micro-mechanics to model the damage zone where the mi-
crocrack is treated as an individual identity. The interacting
effects among these microcracks and the main-crack are cal-
culated, and then an average scheme is applied to approxi-
mate the overall damage.4,9–11 Nevertheless, these two dif-
ferent approaches, to a certain extent, do not lead to the same
conclusions.4,8

The discrete approach is applied to evaluate the extent of
micro-crack toughening in this presentation. The microcrack
damage zone, in the literature, is proposed to be a near-tip
fracture process zone12,13where microcracks are generated.
This approach is based on the remote load intensity and a
microcrack precursor nucleation assumption, and therefore
analytical expressions can be derived for the size and shape of
this process zone. Nevertheless, considering the actual gran-
ular microstructure of microcracking materials suggest that
microcracks are grain-facet sized, located and oriented. In-
herently random distributions of grain facets are recognized
and then formation of microcracks yields microstructure dis-
order. In addition, microcracks may be initiated in the ceramic
hot-pressing process and are not limited to the presence of
applied loads. In the study, a microcracking damage zone is
assumed to be a circular zone situated around the main-crack

tip, as shown inFig. 1. Locations and orientations of micro-
cracks are randomly placed with employment of the Monte
Carlo technique, and the statistical effect at the main-crack
tip for various damage zones can then be evaluated.

2. Alternating iteration in cracks interaction

A discrete model of an arbitrary located and oriented
micro-crack near the main-crack tip with remote loadingK∞

I
is first analyzed, whereK∞

I = σ∞√
πa andσ∞ denotes a

remote load which is shown inFig. 2(a), wherec = a/20, as
can be reasonably simulated for the microcrack behavior. As
follows in the notation used in this article,X,Ydenote the co-
ordinate axes with origin at the center of the main-crack and
x, y represent the main-crack tip coordinate, whereas,η andς

are coordinates observed from the center of the microcrack.
In the frame of linear-elastic fracture mechanics, the prob-

lem is decomposed into two sub-problems, as illustrated in
Fig. 2. To depict the influence of residual stresses in the brit-
tle material, the residual stressesσResandτResare assumed
to prevail uniformly along the microcrack surface.Fig. 2(a)
can be further decomposed by the principle of Büeckner’s su-
perposition, which is demonstrated inFig. 3, and the surface
tractions on both main-crack and micro-crack are derived as
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Fig. 2. Elastic decomposition
0
MAIN = σ∞ = I√

πa
, q0

MAIN = 0 (1)

0
MIC = K∞

I√
πc

cos2 θ, q0
MIC = K∞

I√
πc

sinθ cosθ (2)

Two potential shielding sources are modeled inFig. 2(b)
ndFig. 2(c) respectively.Fig. 2(b) is to account for the elast

nteraction of cracks, and that ofFig. 2(b) is attributed to th
elief of residual stresses. Two sub-problems ofFig. 3(c) and
ig. 2(c) can now be appropriately solved by an alternatin
ration method14,15and are thus resolved respectively to

ts own crack surface tractions. In each loading system, s
istributions on the imaginary position of cracks are
ulated with corresponding Westergaard stress functio16

ote loading and residual stresses.
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Fig. 3. Decomposition in B̈ueckner’s superposition in a cracked solid.

Whereas only one crack exists in each iterating cycle, the
remaining crack is considered as an imaginary crack. For
numerical convenience, constant tractions on imaginary po-
sitions are averaged along each crack length. Distributed
stresses shed on the domain are thus derived approximately
from these constant tractions. The stress field with negative
traction on each imaginary crack is then imposed onto the
existing stress field to free crack surface traction. In doing
so, new image traction may be introduced to the original im-
age traction free crack. These remaining image tractions are
successively reduced by the repeated alternating iteration. A
similar process is repeated until the remaining image trac-
tions on both cracks approach zero simultaneously. There is
an obvious advantage to this iteration method, in which the
interaction effect between cracks has been considered. The
imaginary traction on the free surfaces of a prospective crack
can then be imposed in every iteration cycle. Therefore, the
kth increment of stress intensity factors (SIF) at main-crack
tip (∆Kk

MAIN (±a)) owing to mutual crack interaction can be
integrated from the concentrated force results provided in
Tada et al.16 and displayed in Eq.(3), wherepk

MAIN (X) and
pk

MAIN (X) are the normal and shear image stress functions
distributed along the main-crack in thekth iteration.

∆Kk
I,MAIN (±a) = 1√

πa

a∫
pk

MAIN (X)

√
a ± X

a ∓ X
dX
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are governed by the heterogeneity of microstructure grain
boundaries. With good efficiency in convergence of alternat-
ing iteration, statistical stability at the main-crack tip may be
calculated and superimposed for every randomly distributed
microcrack in a damage zone.

3.1. Microcrack distribution

Microcrack density17 in two-dimensions can be evaluated
in terms of a characteristic areaAcontainingNA microcracks
of characteristic length 2c, i.e.,

ρ = 1

A
NA(2c)2

It is found experimentally in R̈uhle et al.6 and Han et al.18

that the microcrack density in alumina-zirconia is between
0.00 and 0.24 and in silicon–carbide alloy is 0.31–0.47. In the
assumption of a dilute concentration of microcrack, interac-
tions among microcracks are neglected. However, it is noted
in reference13 that crack interaction is not such a short-range
effect as sometimes expected. Hence, the average measure
of microcracking damage zone size (A) in the vicinity of a
main-crack tip is assumed to be in the circular zone with ra-
dius of half main-crack length, i.e.,A = πa2. In this study,
various crack densities are exhibited in the microcracking
damage zone having 30, 50, 80 and 100 microcracks, where
m or-
r

ad-
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g roc-
r d
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p
t tter-
i cks
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i ption
o c-
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−a

∆Kk
II ,MAIN (±a) = 1√

πa

a∫
−a

qk
MAIN (X)

√
a ± X

a ∓ X
dX

(3)

The induced stress intensity factors (�KI , �KII ) owing
o the presence of a microcrack can then be superpos
very iteration cyclek.

. Statistical experiments

In this investigation, microcrack initiation and growing
ot addressed and the damage zone is considered pla
e a circular one. To demonstrate the extent of disorder i
icrostructure, the microcrack size, location and orienta
icrocrack density (ρ) is 0.096, 0.159, 0.255 and 0.318 c
espondingly.

In considering the actual granular microstructure of
ance ceramics, it can be considered that microcrack
rain-facet sized, located and oriented. Therefore, mic
ack length is kept constant ata/20 and the location an
rientation can be varied with arbitrarily chosen geome
arameters (d, θ, φ), as illustrated inFig. 1. Uniformly dis-

ributed geometric variables can result in maximum sca
ng in microcracks, and statistical disorder in microcra
an be retained as for grain boundaries. Hence, microc

ng damage can be regard as isotropic with the assum
f uniform distributions. The statistical distribution fun

ions have been simulated by means of Monte Carlo t
iques, and geometric parameters are uniformly distrib
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Fig. 4. One example of 30 microcracks distributed in the circular damage zone (a) around the crack tip; (b) parallel the crack-tip; (c) ahead the crack-tip; (d)
behind the crack-tip.

in the range of−a≤d≤a, −π < θ <π and 0≤ φ ≤ 2π. One
hundred specimens for each crack density are tested and
averaged to evaluate the statistically stable stress intensity
factor at the main-crack tip. In addition, main-micro and
microcrack–microcrack intersections are excluded in this
Monte Carlo simulation.

3.2. Simulation of damage zone

Four different kinds of damage zones are evaluated in the
Monte Carlo simulation. A group of 100 specified damage

zones is employed as a statistical population for each crack
density. The microcracking damage zone around the main-
crack tip (0 < d≤ a, −π < θ <π, 0≤ φ ≤ 2π) is attributed to
the isotropic damage in the material, as illustrated inFig. 4(a)
and denoted as case A. Case B is shown inFig. 4(b) for par-
allel microcrack damage around the main-crack (0 < d≤ a,
−π < θ <π, φ = 0). It is for the comparison of the influ-
ence of an anisotropic microcracking damage case. Further-
more, inFig. 4(c) and (d), designated cases C and D corre-
spondingly, assessment is made for distributed microcrack-
ing zones in front of the main-crack tip (0< d ≤ a, −π/2 ≤
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Fig. 5. The normalized induced mode I stress intensity factor at main-crack
tip for different microcrack density and damage zones.

θ ≤ π/2, 0 ≤ φ ≤ 2π) and behind the main-crack tip (0<
d ≤ a, π/2 ≤ θ ≤ 3π/2, 0 ≤ φ ≤ 2π). These situations are
evaluated to assess the shielding degree of isotropic damage
in a microcrack annular zone surrounding the main-crack tip.

In the evaluation of the first shielding source from the elas-
tic interaction, the resulting statistical consequence for�KI
at the main-crack tip can be examined inFig. 5. However, ran-
dom microcracks may result in an anti-symmetric stress field
and�KII can arise as depicted inFig. 6. InvestigatingFig. 5
shows that a shielding effect prevails for cases A, B and D and
increases with increasing crack density. However, crack den-
sity must be retained in a reasonable range for the assumption
of dilute concentration to be valid. In case A, microcracking
toughening is attained; it relates closely to the conclusion of

F crack
t

Fig. 7. Shielding populations inKI for different microcrack density and
damage zones.

Gong12 for small crack density. Gong12 estimated the shield-
ing as∆K = −1.61ρK∞

I for a stationary main-crack even
though its approach is quite dissimilar to this model. In case
B, anisotropic damage may enhance the shielding effect in
comparison with the isotropic case A. Nevertheless, a mi-
crocracking zone behind the crack tip provides the greatest
shielding effect while one ahead of the main-crack tip can
contribute little or no effect on microcrack toughening.

The induced mode II stress intensity factor for any case
are small compared to mode I, and lie within the range of
±5%, as observed inFig. 6. The population in shielding can
be examined inFig. 7. Almost 100% of shielding is in case D
and about 50% in case C. This statistical approach is similar
to that of Montagut and Kachanov19 but differences exist,

F ess in-
t age
z

ig. 6. The normalized induced mode II stress intensity factor at main-
ip for different microcrack density and damage zones.
ig. 8. The residual stresses induced normalized induced mode I str
ensity factor at main-crack tip for different microcrack density and dam
ones.
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Fig. 9. The residual stresses induced normalized induced mode II stress
intensity factor at main-crack tip for different microcrack density and damage
zones.

however, a statistical population limited to six coupons,19 is
not enough to get a stable result.

For the second shielding source of interaction problem, the
uniform residual stress relieved at the microcrack is denoted
asσRes= τRes=SR Similar trends are obtained and depicted
in Fig. 8, but the shielding effect is not so prominent as that
illustrated inFig. 5. For the isotropic damage demonstrated in
case A, the residual stress relief induced shielding phenom-
ena persisted in contrast to the one of Gong and Meguid20

where no shielding arose. However, for the damage zone in
case C, there is nearly no shielding effect; the case D gets the

induceKI

greatest shielding. A special case ofσRes=−SR, τRes=SR is
denoted inFig. 8 as N-around, where anti-shielding is rec-
ognized and the compressive residual normal stress produces
amplification in�KI .

The induced mode II SIF are confined in the range of±5%
for cases of A, C, D as shown inFig. 9, but the anisotropic case
of parallel microcracks (case B) results in a large deviation
of mode II SIF. In the assessment of ceramic toughness in
such a case, one cannot ignore the effect of mode II and an
equivalent stress intensity factor (Keq) formulation must be
involved. The shielding population in�KI is shown inFig. 10,
a similar result to that obtained inFig. 7.

4. Concluding remarks

Up to 3600 numerically simulated microcrack damage
zones are simulated in the circular zone around the main-
crack tip. Uniform distribution functions developed with the
Monte Carlo technique can place microcracks sufficiently
randomly as to represent of microstructure disorder. Two
shielding sources in main-crack and microcrack interactions
are evaluated statistically. The following conclusions can be
drawn:

(1) The alternating iteration method can estimate the main-
ak-

( amic
age,
l and

( ost
ro-
Fig. 10. Shielding populations of residual stress
 dfor different microcrack density and damage zones.

micro crack interaction efficiently and accurately, m
ing the statistical assessment possible.

2) Two shielding sources are proved to enhance cer
toughness with the assumption of isotropic dam
where consistent results exist for this discrete mode
for a continuum model.8

3) Microcracks behind the main-crack tip provide the m
shielding; no shielding effect is contributed from mic
cracks situated ahead of the main-crack tip.
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(4) An anisotropic damage zone may shield mode I SIF at
the main-crack tip more than an isotropic one for the
first source; however, shielding from residual stress relief
(second source) can make mode II significant.

(5) Compressive normal residual stress may produce an anti-
shielding effect at the main-crack tip, it should be noted
for the design of advanced ceramic materials.
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